Cohomology of the Extraspecial $p$-Group and Representations of the Double Burnside Algebra (Research on finite groups and their representations, vertex operator algebras, and algebraic combinatorics) by 飛田, 明彦
Title
Cohomology of the Extraspecial $p$-Group and
Representations of the Double Burnside Algebra (Research on
finite groups and their representations, vertex operator
algebras, and algebraic combinatorics)
Author(s)飛田, 明彦




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Cohomology of the Extraspecial $p$-Group and
Representations of the Double Burnside Algebra
Akihiko Hida





$P$ Burnside $A_{p}(P, P)$
1. ( ) $P$ $\mathbb{F}_{p}$Out $(P)$ $A_{p}(P, P)$
Out $(P)$ $A_{p}(P, P)$
2. ( ) $P$
3. ( ) $P$ $A_{p}(P, P)$
2. $A_{p}(P, P)$ $P$ mod-p $H^{*}(P, \mathbb{F}_{p})$
$H^{*}(P, \mathbb{F}_{p})$ $A(P, P)$- $p$
$p^{3}$ extraspecial $p$ $E$ $H^{*}(E,\mathbb{F}_{p})$ $A_{p}(E, E)$-
1.
2. $E$ $BE$ stable splitting
[15]
3.






$G,$ $H$ $X$ $X$ $G$ $H$ $g\in G,$
$h\in H,$ $x\in X$
$(gx)h=g(xh)$
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$X$ $(G, H)$- $x\in X$ $h\in H,$ $h\neq 1$
$xh\neq x$ $X$ $H$- $G,$ $H$ $H$-
$(G, H)$- Grothendieck $A(G, H)$ $H$- $(G, H)$-
$(G, H)$- $X$ [X]
$p$
$A_{p}(G, H)=\mathbb{F}_{p}\otimes_{\mathbb{Z}}A(G, H)$
$H$- $(G, H)$- $\mathbb{F}$p-
$G$ $K$
$\varphi$ : $Karrow H$ $G\cross(K,{}_{\varphi)}H=G\cross H/\sim$ (
$g\in G,$ $k\in K,$ $h\in H$ $(gk, h)\sim(g, \varphi(k)h))$ $H$- $(G, H)$-
( $K$, $G\cross(K..,$ $H$
$G,$ $H,$ $K$ $\mathbb{F}_{p}$-
$A_{p}(H, K)\cross A_{p}(G, H)arrow A_{p}(G, K)$
$([X], [Y])\mapsto[Y\cross HX]$
$A_{p}(G, G)$ $\mathbb{F}_{p}$- $A_{p}(G, G)$- [2],
[12] $G$ $Q$ $\mathbb{F}_{p}Out(Q)$ - $V$ $(Q, V)$
$(Q, V)$ $A_{p}(G, G)$- $S(G, Q, V)$
$Q$
$Hom_{C}(G, H)=A_{p}(G, H)$ $C$
$F:$ $Carrow \mathbb{F}_{p}$-Mod [3], inflation [14] $F$
$P$ $F(P)$ $A_{p}(P, P)$ - $Q\leq P$
$F(Q) \cdot A_{p}(P, Q)=\sum_{\psi\in A_{p}(P,Q)}\psi(F(Q))\subset F(P)$
$F(P)$ $A_{p}(P, P)$-
$F(P)$ $A_{p}(P, P)$- $S(P, Q, V),$ $Q\leq P,$ $V$ $\mathbb{F}_{p}Out(Q)-$
$S(P, Q, V)$
$Q$
2.1 ([4], [8, Lemma 3.1]). $A_{p}(P, P)-7i$ $\ovalbox{\tt\small REJECT} S(P, Q, V)$ $F(P)$





$H^{*}(P, \mathbb{F}_{p})=\bigoplus_{n\geq 0}H^{n}(P, \mathbb{F}_{p})$
2
(1) $\varphi$ : $Harrow P$
$\varphi^{*}:H^{*}(P, \mathbb{F}_{p})arrow H^{*}(H, \mathbb{F}_{p})$ .
(2) $H\leq P$ trace ( transfer)
$Tr_{H}^{P}:H^{*}(H, \mathbb{F}_{p})arrow H^{*}(P, \mathbb{F}_{p})$.
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$\mathbb{F}$p- $A_{p}(P, Q)$ $(P, Q)$-
$(P, Q)$-
$X=P\cross(K,\varphi)Q, K\leq P, \varphi:Karrow Q$












$H^{*}$ $(-, \mathbb{F}_{p})/\sqrt{0}$ $H^{*}(-)$
$S$ $A_{p}(P, P)$- $e$ $A_{p}(P, P)$ $Se=S$
$S’\not\simeq S$ $S’e=0$, $H^{n}(P, \mathbb{F}_{p})$










$A(P, P)$ $BP_{+}$ (stable splitting)
$BP_{+}= \bigvee_{i}X_{i}$
$A(P, P)$ 1 $A_{p}(P, P)$
1
$1= \sum e_{i}\in A_{p}(P, P)$
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stable sphtting $X_{i}$ $A_{p}(P, P)$ $e_{i}$
$A_{p}(P, P)$ - stable splitting $X_{i}$
$X_{i}$







4 Extraspecial $P$ cohomology
$p$
$E=p^{1+2}=\langle a, b, c|a^{p}=b^{p}=c^{p}=1, [a, c]=[b, c]=1, [a, b]=c\rangle$
$p^{3}$ , exponent $p$ extraspecial $p$ $E$
([11], [9], [10]), $H^{*}(E)$
$y_{1}, y_{2}, C, v$
$y_{1}^{p}y_{2}-y_{1}y_{2}^{p}=0, Cy_{i}=y_{i\}}^{p}C^{2}=y_{1}^{2p-2}+y_{2}^{2p-2}-y_{1}^{p-1}y_{2}^{p-2}$









Out $(E)=GL_{2}(\mathbb{F}_{p})$ $H^{*}(E)$ $g=(\begin{array}{ll}\alpha \beta\gamma \delta\end{array})\in GL_{2}(\mathbb{F}_{p})$
$g^{*}C=C, g^{*}y_{1}=\alpha y_{1}+\beta y_{2}, g^{*}y_{2}=\gamma y_{1}+\delta y_{2}, g^{*}v=(\det(g))v$
$S^{i}$ $\mathbb{F}_{p}[y_{1}, y_{2}]$ $2i$ $0\leq i\leq p-1$ $S^{i}$
$y_{1}^{i}, y_{1}^{i-1}y_{2}, \ldots, y_{2}^{i}$
$\mathbb{F}$p- $p(p-1)$ $\mathbb{F}_{p}$Out $(E)$-
$S^{i}v^{q}\simeq S^{i}\otimes(\det)^{q} (0\leq i\leq p-1,0\leq q\leq p-2)$
( ) $\mathbb{F}_{p}GL_{2}(F_{p})$-
$H^{2i}(A)=S(A)^{i}$
$S(A)^{i}\otimes(\det)^{q} (0\leq i\leq p-1,0\leq q\leq p-2)$
Out $(A)=GL_{2}(\mathbb{F}_{p})$-
4.1 ([5]). $A_{p}(E, E)$ -
(1) $S(E, C_{p}, U_{i})(0\leq i\leq p-2)$ ,
$\dim S(E, C_{p}, U_{i})=\{\begin{array}{l}p+1 (i=0)i+1 (1\leq i\leq p-2) .\end{array}$
$C_{p}$ $p$ $U_{1}(0\leq i\leq p-2)$
$\mathbb{F}$pOut(Cp)-
(2) $S(E, A, S(A)^{p-1}\otimes\det^{q})(0\leq q\leq p-2)$ ,
$\dim S(E, A, S(A)^{p-1}\otimes\det^{q})=p+1.$
$A(\simeq C_{p}\cross C_{p})$ $E$ $p$ -
(3) $S(E, E, S^{i}\otimes\det^{i})(0\leq i\leq p-1,0\leq q\leq p-2)$ .
(4) $S(E, 1, \mathbb{F}_{p})$ , 1
$0\leq i\leq p-2$ $T^{:}$
$y_{1}^{p-1}y_{2}^{i}, y_{1}^{p-2}y_{2}^{i+1}, \ldots, y_{1}^{j}y_{2}^{p-1}$
$\mathbb{F}$p- $H^{*}(E)$ $y_{1}^{p}y_{2}-y_{1}f_{2}=0$ $S^{(p-1)+i}$
$y_{1}^{(p-1)+i}, y_{1}^{(p-1)+i-1}y_{2}, \ldots, y_{1}^{p}y_{2}^{i-1}, y_{2}^{(p-1)+i}$
$T^{i}$ $1\leq i\leq p-2$ $S^{(p-1)+i}=CS^{i}+T^{i}$
$A_{p}(E, E)$- $S$ $Se=S$ $S$ $S’$
$S’e=0$ $A_{p}(E, E)$ $e$ $H^{*}(E)e$
$H^{*}(E)$ $\mathbb{F}_{p}$-
$C_{p}$ $C_{p}\leq E$ $p$
$U_{i}(0\leq i\leq p-2)$ $\mathbb{F}_{p}Out(C_{p})$-
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4.2 ([8, Theorem 10.2]). $e$ $S(E, C_{p}, U_{i})$
$H^{*}(E)e\simeq\{\begin{array}{ll}\mathbb{F}_{p}[C](\mathbb{F}_{p}C+S^{p-1}) (i=0)\mathbb{F}_{p}[C]S^{i} (1\leq i\leq p-2) .\end{array}$
$p^{2}$ $A$
4.3 ([8, Theorem 10.3]). $e$ $S(E, A, S^{p-1}\otimes\det^{q})$
$H^{*}(E)e\simeq\{\begin{array}{l}\mathbb{D}\mathbb{A}(\oplus_{0\leq j\leq p-1}D_{2}C^{j}(\mathbb{F}_{p}C+S^{p-1})) (q=0)\mathbb{D}\mathbb{A}(\oplus_{0\leq j\leq p-1}v^{q}C^{j}(CS^{q}+T^{q})) (1\leq q\leq p-2) .\end{array}$
$E$ $A_{p}(E, E)$- $\mathbb{F}_{p}$Out $(E)$-
$\det^{q}$ $S^{p-1}\otimes\det^{q}$









(4) $S=S^{p-1}\otimes\det^{q}(1\leq q\leq p-2)$
$H^{*}(E)e\simeq \mathbb{C}\mathbb{A}(v^{q}S^{p-1})$ .
4.5 ([8, Theorem 10.5]). $1\leq i\leq p-2,0\leq q\leq p-2$
$S=S^{i}v^{q}, T=T^{p-i-1}v^{s}$
$s\equiv i+q(mod p-1),$ $0\leq s\leq p-2$ $e$ $S(E, E, S^{i}\otimes\det^{q})$
$A_{p}(E, E)$ $H^{*}(E)e$ $\mathbb{F}_{p}$-
$\mathbb{C}\mathbb{A}\cdot VS \oplus \mathbb{D}\mathbb{A}\cdot VT (q\equiv 2i\equiv 0)$
$\mathbb{C}\mathbb{A}\cdot VS \oplus \mathbb{C}\mathbb{A}\cdot T (q\equiv 0,2i\not\equiv 0)$
$\mathbb{D}\mathbb{A}\cdot S \oplus \mathbb{D}\mathbb{A}\cdot VT (i=q, 3i\equiv 0)$
$\mathbb{D}\mathbb{A}\cdot S \oplus \mathbb{C}\mathbb{A}\cdot T (i=q, 3i\not\equiv 0)$
$\mathbb{C}\mathbb{A}\cdot S \oplus \mathbb{D}\mathbb{A}\cdot VT (q\neq 0, i\neqq, q+2i\equiv 0)$
$\mathbb{C}\mathbb{A}\cdot S \oplus \mathbb{C}\mathbb{A}\cdot T (q\neq 0, i\neq q, q+2i\not\equiv 0)$ .
$\equiv$ $mod (p-1)$
4.2,4.3,4.4,4.5
(2) [7, Proposition 5.3] $p=3$
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4.6. (1) $A_{p}(E, E)$ -
$H^{n}(E), n\leq 2(p+2)(p-1)$
(2) $E$ $A_{p}(E, E)$ -
$H^{n}(E), n\leq 2(p+1)(p-1)$
$p=3,5,7$ [15] $E$ Sylow
$E$ [13]
$p=3$ $E$
4.4 (1) 4 [6]
$H^{*}(J_{4})\simeq res_{E}^{J_{4}}(H^{*}(J_{4}))=\mathbb{D}A$
$E\in Sy1_{p}(G)$ $G$ $(E, E)$-
$A_{p}(E, E)$
$H^{*}(E)e=res_{E}^{G}(H^{+}(G))\simeq H^{+}(G)$
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